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TECENICAL NOTE 42k9

A THEORETICAL ANATYSTS OF THE EFFECT OF
ENGINE ANGULAR MOMENTUM ON LONGITUDINAL AND DIRECTTIONAL
STABILITY IN STEADY ROLLING MANEUVERST

By Ordwey B. Gates, Jr., and C. H. Woodling
STMMARY

The effect of engine momentum on the longitudinal aend directional
stability of aircraft in steady rolling maneuvers has been investigated.
The results presented indicate that the gyroscoplic moments produced on
the alrcraft by a rotating engine in rolling maneuvers can have an
gppreciable effect on the range of rolling velocities for which longi-
tudinal or directional instaebility might occur.

INTRODUCTION

The analysis presented in reference 1 of the effect of steady rolling
on the longitudinal and directional stabllity of elrcraft was made for the
assumption of zero engine momentum; hence, the results presented were
independent of the direction of rolling. Some of the present-day eircraft
have exhibited different characteristles in left and right rolls which can
be attributed to the asymmetric moments produced on the aircraft by the
rotating engine. The purpose of this anslysis is to present the aircraft
equations which include these asymmetrlc engine gyroscopic moments and to
demonstrate the effects of these terms on the divergence boundaries pre-
sented in -reference 1 for the steady rolling caese. The divergence bound-
arles presented in this paper are for aircraft having static stebility.

SYMBOLS

W weight, 1b

T total aerodynamic moment, lb-ft

lSupersedes recently declassified NACA Research Memorandum L55G05
by Ordway B. Gates, Jr., and C. H. Woodling, 1955.
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My rolling moment;—1b-ft : - -
My pilitching moment, 1lb-ft
Mz yawlng moment, lb-ft
H . angular momentum, slug-£t2/sec
Ix moment of inertia about-body X-axis, slug-ft<
Iy moment of inertia sbout body Y-axis, slug-ft2
Iy moment of inertia about body Z-axis, slug-ft2
Ixz, product of inertia in X,Z-plane (positive when principal
X-exis is below body X-axis at nose), slug-ft2
_ IXe moment ofinertia of engine about body X-axis, slug-ft2
P rotational wvelocity about body X-axis, radians/sec
a rotational velocity about body Y-axis, radians/sec
r rotationel veloecity about body Z-axis, radians/sec "
We " engine rotational velocity, radians/sec - +
v alrcraft velocilty, ft/sec
u component of V along X-body axis, ft/sec -
v component-ofL“V élong Y-body axis, ft/sec _
w component of V along Z-body axils, ft/sec
a angle of attack of X-body axis, w/u, radians
B angle of sideslip, v/u, radians’
F total aerodynamic force, 1b

Fy, Fy, Fg components of the aerodynamic force along X-, Y-, and_.
: Z-gxes, 1lb ’

13, mz, Nz direction cosines relating aircraft body axes to earth .
Z-axis . »
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t time, sec
s
Mq - aq
- Xy
Mg, S i
_ oMz
N or
M
NB:S‘{;&'
- e
Oy T2
wp = :1"‘_06E
Typ
r= 2 ]
b

Egs §¢ ratio of demping to cribical damping in pltch end yaw, respectively
8y, 8z, 8p; 8, &g coefficients of characteristic equation
differential operator, d&( )/at

total time derivative

gl ©

A dot over & symbol indicates differentistion with respect to time.

EQUATIONS OF MOTION

The alrcraft equations of motion written in vector form are:
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N
%(ﬁ) =T
(1)
w2 (V) =F + W
Dt

where %% refers to total differentiation with respect to time, H is

the angular momentum vector, T represents the aerodynemically epplied
moments, V is the aircraft velocity vector, F represents the aerody-
namicelly epplied forces, and W 1is the welght of the ailrcraft. A
right-handed system of axes 1s chosen which originstes at the center of
gravity of the alrcraft and which is fixed in the aircraft. The X-axis
is assumed to be coinclident with the X-axlis of the engine and the
X,Z-plane is consldered to be the plane of symmetry of the alrcraft.
Also, the mass distribution of the engine 1s assumed to be symmetrical
ebout the X-axis, snd the engine is assumed to be rotating with constant
speed. The rotational velocities about the X-, ¥-, and Z-axes are p,
g, end 11, respectively, and the components of ¥V in this system of
axes are u, Vv, and w.

For the previous conditions, the vector momentum is given by
B = I(gp - Igr + Ig @) + Ihya + E(Tr - Ipp)

where I, J, and K are unit—vectors in X-, Y-, and Z-directions; Iy,
'IY, and Ty &are the moments of inertie; Iy, 18 the product of inertila
in the XZ-plane; IXé is the moment of inertie of the engine about the

X-axis; and @, is the rotational velocity of the engine sbout this
aexls, teken positive in the same sense as the rolling velocity p.

Equations (1) become, after differentiation and resolution into
X-, Y-, and Z-components:

Rolling:
Igh - Ixgt - (Ty - Iz)ar - Izgea = ZMX (2a)

Pitching:

1,4 - (IZ - Ix)pr + IXZ(p2 - r2) + Ix ®pT =Z My (2p)
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Yawing:

IZ:E' - (IX - IY)pq_ - Iyyp + Iygar - Ix ®ed = ZMZ (2¢)

m{h + qw - vr) = ZFX + Wiz (24)
Y-force: .

w(¥ - pw + ur) = > Py + Wms (2e)
Z~force:

m{w + pv - uq) = ZFZ + Wng (2f)

The terms 13, mz, and nz eare the direction cosines between the earth

Z-axis and the axes being used, which are fixed in the body. The equa-
tions which relate 13, mz, aend nz to the alrplane rotationmsl velocities

P; Q, eand r are.

7.3=m3r-n3q
Wy = Dzp - T
8 = 153 - g2

Certaln assumptions beyond that of a constant rolling velocitg are
necessary in order to linearize these equations. The term p2

the pitching equation (2v) is taken es approximetely equel to p2; the term
Ixzar in the yawing equation (2c) 1s considered negligible; and it is
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assumed that no change occurs in the X-component of the forward veloclty.
Further, it is assumed that

u u

and, for the assumption of—small out-of-trim aerodynemlc forces, the
Y-force and Z-force equations (2e) and (2f) are approximately

B

pa - F

q - pB-

&
Also, the aerodynamic moments are taken as
My = qu + My &

My = Npr + NaB

Equations (2), for these assumptions and substitutions, become in determi-
nant form . . Sl - .

q O B r
. My o x-meer e | Ig o
IY - Iy - IY IY ©
-{Ix - Iy)p, - N
( X Y) o X.e‘“e o ] D - E’L -0
Iz Iz, Iz,
o -Py D 1 = P
-1 D PO ’ 0 =0

where p_ refers to & constant value of the rolling'- veloclty p and
0y, to the initial value of the angle of attack. Expansion of this

determinant with the right-hand side set equé.l to zero ylelds a charac-
teristic equation of the form
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a.}_,_D}"'+a5D3+a2D2+a.lD+ao=0 (3)
where
ay =1
5_3 =-ﬁ‘. - &
Iz Iy
- 2, E _ M_u, +,Mq_1v£ _ (IZ - IX)Po - Ixemq (IX - IY)Po + Ixecne]
f2 5Pt "L T LI Iy 1 I,

N2 ﬁg_P 2 Molp + Mg Ny

al =~——17D -
Iz "° Iy "° Iyly IyIy
8g = Solr p2-p B (IZ -"Ix)po - Ixeme}

T8, Ma[(ix - TYvo + Ixe“’e] §

D 2‘:<IZ - Ix)Pc, - IXe“"e] (Ix - Iy)po + Ixe‘”e‘l
’ Ty .J iz _I

If the following substitutions are mede

2__N
a)‘k =
IZpo2
M
wg? = S
IyPs
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2t -
W‘D\y Iz;po
@,
= =
T B,

- these coeffilcients become

a)y =-L
&5 = Po(2Eymy + 2tqe)
T Iy - Iy - Iy T)|Iy - Iv + Iy T
- 2, 2 ( Z - X" "X ( X~ 7X )
85 = Po° |1 + @y + 0= - IzIZ €L 4 hgegﬁwdww
a; = P03(2§ﬁww + 2Eqwg + 2gemem42 +r2§¢m¢m62)
! (2 - I - ,7) 2
ag = P @g-egwwew,,, - c_n\,,2 = + 0 Z0g? 4
" o IX - IY + IXeT } IZ - IX - IxeT Ix - IY -P_IXGT
° Iz Iy iz

which are essentially equivalent to the coefficilents presented on page 9
of .reference 1, with the exception of the engine momentum terms. It—will
be noted that the p, factors which multiply the coefficients shown

here do not-appear in reference 1. This difference is attributable to the
fact thet the differential operator used in this paper is a time operator,
whereas in reference 1 the operator has been made a function of rolling
velocity. : -
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ANATYSTS AND DISCUSSION

The combinations of wy &and g that result in a negative value
for the constent term ag of equation (3) for given values of ) gw,
and T and hence give aperiodic instability are of primary interest.
For an alrplene with given values of natural frequency in pitch and yaw,
these values of wy and g define the rolling velocities for which

this Instability will exist.

A sample of these aperlodic divergence boundaries is shown in
figure 1 for T =0 (ab = 0) for §6§¢ = 0 and 0.0031. The mass and

aerodynamic characteristics of the alirplasne for which these boundaries
were constructed are presented in teble I. It should be noted that
boundaries constructed for a constant value of Egty do not correspond
MgNr
to a constant value of IY 3 instead, every point on the curve repre-
I
y
sents, dimensionally, a different value of this parameter. In this
plane, the frequencies in pitch and yaw of a given airplane, for all
values of p,, lle along a straight line similar to the one shown in

the figure. The point shown for p, = 1 radian/sec defines the fre-

quencies of the airplane chosen for this 1llustrstlon. The slope of
this line is determined from the ratio of the square of the natural
frequencies in pitch and yaw. For the case shown, the frequency locus
of this airplane passes through the divergence boundary constructed for
gegw = 0.00%31 for Py = +1.8 radians/sec and remains on the unstable

side of the boundary up to pg = 2.3 radians/sec. Generally, the char-
acteristic roots of the system in the unsteble region of this plene are

a palir of stable complex roots, one steble resl root, and one unsteble
real root. )

It would be possible to take into account the engine momentum by
plotting boundaries for wvarious values of _IxeT, but, as was mentioned

in the discussion of gwge, these bounderies would not correspond to a

constant value of engine momentum. Also, both positive and negastive
values of IxeT would heve to be comsldered In order to cover both the

left and right rolling conditions; The former difficulty can be avoilded
Tor both these cases by plotting the bounderies as a function of the
dimensional frequency perameters rather than in terms of wwz and. mg2.

Presentation in this form necessitates the comstructlion of a boundary
for each rolling wvelocity, but this construction is relatively simple.
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N
Mol 0.0uk

A sample of these bounderies is shown in figure 2 for
Iy 1
—- Y-z
and Ixedb = 0. For this cage the boundaries for left and right rolling
are identical. The effect of the engine momentum on these boundaries
. cen be seen in figure 3 for the case of Ix we = 17,554 slug—fte/sec.

Boundaries are presented for both right and _left rdils, and the critical
roll velocitles are shown on the figure for both rolling conditions.

For positive (right) rolling the unstable range of p 1s between
Pg = 2.1 radiens/sec and P, = 2.5 radians/sec and for negative-(left)

rolling this range is between pg, = -1.7 radiens/sec and
Py = -2.2 radians/sec. In order to specify the absolute range of the

roll rate which might be critical for . a glven alrplane, 1t is necessaxry
to know the critical velues of p for both the left and right rolls.
For the value of Iy we considered here, thls unstable range for the

example alrplane would be defined as being

1.7 < [pol < 2.5

Curves are plotted in figure 4 to show the effect of englne momentum on
the values of critical p (p both negative and positive) for the par-
ticular alrplane belng considered. It can be seen thait, for Iyx.uwe = O,

the absolute range of critical p 1s between pl of 1.8 and 2.3 radlens
per second end Iincreases to |p| of 1.5 and 2.7 radlans per second for

Ix e = 40,000 slug—fta/sec. Thus, the range-of rolling velocities for

which a given alrplesne might experience Instability, based on this steady
rolling aessumption, can increase appreclsbly with the megnitude of the
momentum of the rotating engine; hence, the effect of engine momentum
should be considered in the analysis.

A point of interest with respect to the construction of the diver-
gence bounderies in the dimensional frequency plane is that 1t is pos-
sible to obtalin mathemstically the envelope of these boundaries by plot-
ting the locus of the points of meximum curveture of the respective
curves. The mathematlcal expression for the curvature of a given func-
tion cen be found in any calculus text book (for example, ref< 2), and
in order to obtaln the desired envelope 1t—1s necessary only to maximize
this expression in the proper mampner. From this envelope and the zero

No My, ’
and asymptotic wvalues of TE and P wvhich ere rather easy to calculate,
Z Y
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the divergence boundaries for any glven value of roll rate for specified
inertia characteristics can be spproximated with ressonsble accuracy.
In any event, the envelopes of the branches of the curves will define,
for the steady rolling cese, the combinations of pltch and yaw frequency
for which there will be no roll-induced instability. The equatlons from
which the envelcopes can be calculated, and expressions for the previously

NB —Mq,
mertioned asymptotic velues of — and —— are:
Iy
(a) Equations for determination of zero and asymptotic values of
NB . My
—— and —:
Iz Iy

(& _ _PoIXeme - (I‘Z - IQPOE
)NB

e
Lz,
Mollr 2
<_M_g, | IyIy "° X PePo  (Iy - Ix)po°
Ty /x Iy - Iy 5 X PePq Ly Iy
N _B.—o P +
T ° T
I Z Z
<N5> _ (Ix - Iy)po” + Ix ®ePo
T
Z lI"_OL-m *z
Y
M o
<§E> - Iylz “o _ (Ix - IY)P > _ X PePo
I o
ZMa_,  IXePo  (Iz - Ix)eo” Iz Iz
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o (b) Equations for determination of envelope of divergence boundaries:
N __|(Tx - Ty)ee® + Txoero | M
N - T -p =ath
Iz, Iz IyIz ©
oo - (12 - WP RETS L,
- e = + =
Ty Ty TyIz 0

The equations presented for determination of the envelopes of the diver-
gence boundaries require some further explanation. The combinations of

&

Ng -My, .
— and —— which define the envelopes are
I T .
Z Y .
)
ot S a + Db
Iz,
- IY =¢ - b
and - _
N
T-e-v
Z ——————— —_
—?? =c + b

The branch of the family of divergence boundaries to which each combina-
tion applies depends on the-sign of the rolling velocity. A sample of
the envelopes calculated for the boundaries of figures 2 and 3 1s shown

in figure 5.
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CONCLUDING REMARKS

An enalysis has been presented to examine the effects of engine
momentum on the longitudinal and directlonsl stabllity of silrcraft.
The results indicate that the ranges of rolling velocity for which the
aircraft might experience a roll-induced aperiodic divergence in steady
rolling maneuvers can be appreciasbly increased by the engine momentum.
For a particular airplene used in a sample calculation, the range of
critical rolling veloclty p was calculated to be, when engine momen-
tum was assumed zero, '

1.8 < |p] <2.3

and, when an engine momentum of 17,554 slug—f'bzf sec was considered,
the range was extended to

1.7 < [p[ < 2.5

For values of engine momentum higher than that assumed for +this illus-
trative exsmple, the range would, of course, be further expanded.

Celculations to show the effects of Including engine momentum on
the construction of the divergence boundaries were also presented, and
an alternate method of construction to that presented in NACA Technical
Note 1627 was discussed.

Langley Aeronsutical Laboratory,
National Advisory Committee for Aeronautics,
Langley Field, Va., Jdune 30, 1955.
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TABLE I.- MASS AND AERODYNAMIC CHARACTERISTICS
OF EXAMPLE ATRPILANE

Iy, BLUB-Ft2 + v v i e v ee e e e e e e e e e e e
Iy» slug—ft2 e s e e e e s s e e e et e e e e e e e
Iys BIUB-FEZ « v v v i7h o v v e i e e e T e e e
Igzs 8TUE-EE2 o o o L L. oo e e e e e e ..
Ixé?e’ BIUG-Tt2/S€C + ¢ 4 4 4 b e e e e e e e e e e e e

Ny 1

—y . - - . - . - . . - - « & e - - - . - s = e * e .

IZ sec

Iz gec? -
V, ft/sec .+ v v o 0 i ol ITe e e e e e e e e

NACA TN L4249

. . 10,976

. . 57,100

. . 64,975
.. 942
.. 17,554

. . -0.105
. . =0.h21
.. =5.30

. . 2.38
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Filgure 1.- Bounderies in the %2, cne2 plane which define regions of
aperiodic divergence for example alrcraft. IXeCDe = 0.
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s
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I, sec

Figure 2.- Boundaries in the NQ_/IZ, BJG/IY plane for example airecraft R
which define regions of apericdic divergence as s function of ralling

velocity Iy e = O ‘0.04Y4
elocC . = 3 = . -
Xe Rty I
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. P,,radians/sec
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(a) Right rolis.

Figure 3.- Boundsries in the NB/Iz, MU_/IY Plane for example sircraft
which define regions of aperiodic d.iver_genc:_e as a function of rolling

R N
velocity. Ix®e = 17,554 slug-ft H Mg T = 0.04L,
R =
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- P,,radians /sec
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(b) Left rolis.

Flgure 3.- Concluded.
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6 b Ixe we.sSlug f12/sec

(p,,positive or negative)

5 L
(7554
(po, negative)}
"'Ma l >¢
Yea n %
Iy ~sec? 4 ‘/\/ stable
17554 ;>/

(p,, positive)
A .

Ixe we,slug ft2/sec
O or 7554
(p,, positive or negative)

| Ny /
O i ] I L 1 ]
0 | 2 3 4 5 6
NB I
I, ' sec2

" Figure 5.- Envelopes of divergence boundaries presented in figures 2 and 3.



